1. Introduction. N. Steenrod posed the problem of determining those homology classes of a space which can be represented as the image of the fundamental class of a manifold. The problem, which is central in cobordism theory, has since been treated by R. Thorn [12] , P. Conner and E. Floyd [6] , [7] , and Y. Shikata [ll] , among others.
In this paper the manifolds will be weakly almost complex (ll-manifolds). A solution will be obtained in the stable range for the Eilenberg-MacLane spaces K(w, q), it a cyclic group of prime or infinite them BU(2q, ■ ■ ■ , <x>).
We now introduce some notation. All spaces will have base points, and all homology and cohomology theories will be reduced. For p a prime, pp: 8*(X; Z)->Z7*(X; ZP) denotes the usual coefficient homomorphism. <iI*(X) = fii*(X; MU) is the (graded) complex bordism group of X, i.e., the homology of X with coefficients in the Milnor spectrum MU [7] , [l0] . There is a natural transformation p: cli*( ) ->£r*( ; Z) of homology theories; we denote by ^3,:CU*(X) ->7J*(X; Zp) the composition pPp. In terms of p, the problem posed above becomes that of determining the image of p in 77*(X; Z); see [6] for the geometric interpretation of p. The main results, along with several of an auxiliary nature, are summarized below. Their proofs are given in § §3 and 4. Some observations on the homology of a spectrum, with coefficients in another spectrum, are collected in §2.
Lemma (1.1). For any of the spaces K(w, q), ir cyclic of prime or infinite order, or BU[2q], r\p ker (pp)=0 in the stable range.
Theorem
(1.2). For any of the spaces K(t, q), ir cyclic of prime or infinite order or BU[2q], a homology class x in the stable range is in the image of p if and only if pp(x) is in the image of pp for all primes p.
We are therefore led to consider the homomorphisms /i3,:'U*(X) -h>7?*(X; Zp). Let A*(p) denote the mod p Steenrod algebra, and let X'A*(p)->A*(p) denote the canonical anti-automorphism [9] . Given aEA'(p), make a act on H*(X; Zp) by means of the Kronecker index:
(ax, £> = (*, x(a)Z) for xGTT^X; Zp) and £ ESk-l(X; Zp); thus a lowers degrees by i in Thom class induces an epimorphism (\i2q+2r(MU(q))-^'\i2q+2T(B U[2q]) for r <q. Such results may be proved by letting q-> co to obtain homology groups of a spectrum with coefficients in another spectrum -e.g., HT(bu; MU)-and by then noticing that we may interchange the roles of the two spectra and re-examine the questions. E.g., Hr(bu; MU)~Hr(MU; bu), and the latter group may be investigated with the help of the homology theory 77* ( ; bu). These ideas are due to A. Hattori [8] . is an isomorphism for r<q -1, and for this we must show that
is an isomorphism for r<q -1. Regard SMq-^Mq+i as an inclusion, and put Nq+i = Mq+i/SMq. Since M satisfies (a), all three spaces SMg, Mq+i, Nq+i are g-connected. It follows from the generalized suspension theorem [3] that for any of these spaces 7r,( ) =7r*( ) if i^2q(ir\( ) = 77,-( ; S) is stable homotopy, where S denotes the sphere spectrum).
Since M satisfies (b), the exact sequence for stable homotopy implies that 7r^(7Vs+i)=0 if i^2q. Hence also Tn(Nq+i) =0 for i^=2q, so Nq+i is 2g-connected. Then the spectral sequence for B*(Nq+i; M') shows that Hi(Nq+i; M')=0 if j'g2#, since M' satisfies (a). From the exact sequence for 27*( ; M'), it follows that Bi(SMq; M')-+Hi(Mq+i; M') is an isomorphism if i<2q (and onto if i = 2q).
Q.E.D.
The spectra mentioned at the beginning of this section are multiplicative; this is well known for K(it) and MU, and has been shown for bu by D. Anderson [2] . The coefficient ring B*(S°; bu) is a polynomial ring over the integers on a 2-dimensional generator, and so has no torsion. showing that im(ju») =im(x*) in 77*(bu; Zp).
Proof of Theorem (1.2).
To begin, we remark that for any of the spaces K(ir, q), x cyclic of prime or infinite order, or BU[2q], the cohomology in the stable range has no elements of order p2 for any prime p. This is shown by Adams [l] in the latter case, and is well known in the other cases. By the universal coefficient theorem the stable homology of these spaces has no elements of order p2. Since the homology groups are finitely generated, Lemma (1.1) follows immediately.
Theorem (1.2) is immediate for K(ir, q) if ir is a finite cyclic group of prime order. With ir = Z, the Hurewicz theorem implies that, in dimension q, p and all pP are onto. Thus we confine attention to dimensions>a.
Let xEHq+r(K(Z, q); Z) with pP(x)=pp(yp) for all primes p. Since Hq+T(K (Z, q) We now prove Theorem (1.2) for BU[2q\. Concerning the cohomology of BU[2q], the following remarks are needed (see [l] 5) , we may also assume that (x, ch,,r) = 0. Hence pp(x) =0 for almost all primes p. Now say pP(x) = pPiyP) for all primes p, with almost all the yp zero. Again by Proposition (1.5), we may assume that (piyP), chj,r) = 0 for all p, so that Pp'iyp)=0 for almost all primes p'. Replacing the yp by suitable multiples, we may further require that pP>iyP)=0 for all prime £, p' ip^p'). Putting y= Yvp> we see that pPix)=pPiy) for all primes p, so that x=fj,iy) by Lemma (1.1). This completes the proof. Recall that the mod p Steenrod algebra A*ip) acts on 77*(X; Zp) via the Kronecker index. The two-sided ideal I*ip) in A*ip) generated by the Bockstein Q(0p) is also the left (or right) ideal generated by the elements of odd degree, according to Milnor [10] .
Proof of (1.3). In view of the above remark, it suffices to show that any stable operation CU*( )->27*( ; Zp) of odd degree is trivial. By Alexander-Spanier duality [13] , such an operation corresponds to a stable operation CU*( )->77*( ; Zp), and so to an element of B*iMU; Zp). Since the stable cohomology of MU vanishes in odd dimensions, the result follows.
Q.E.D. Q.E.D.
Remark. The image of pp:cU*(7A'(Zp))->77*(7£(Zj,); Zp) may be best described with the help of the dual Hopf algebra A*(p) to A*(p).
